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GLOBAL REGULARITY ON 3-DIMENSIONAL SOLVMANIFOLDS

JACEK M. CYGAN AND LEONARD F. RICHARDSON

ABSTRACT. Let M be any 3-dimensional (nonabelian) compact solvmanifold.
We apply the methods of representation theory to study the convergence of
Fourier series of smooth global solutions to first order invariant partial differen-
tial equations Df = g in C*°(M). We show that smooth infinite-dimensional
irreducible solutions, when they exist, satisfy estimates strong enough to guar-
antee uniform convergence of the irreducible (or primary) Fourier series to a
smooth global solution.

1. INTRODUCTION

Let S be a solvable Lie group, and I' a discrete subgroup of S with compact
quotient I'\S. There is then a unique probability measure » on I'\S that is in-
variant under translation on the right by elements of .S'. The regular representa-
tion of S on L?*(I'\S, v) decomposes into a direct sum of a countable number
of irreducible unitary representations 7 of S, each of finite multiplicity m,
[G]. Let D be a first order differential operator with complex coefficients, left-
invariant on S and viewed on I'\S. Let (I'\S)" denote the dual object of I'\S.
If g € C°(T'"\S) and if g, is an orthogonal component of g correspond-
ing to some irreducible unitary representation z, then g, € C®(I'\S) too
[A-B]. Modulo unitary equivalence, we may think of g, as being a C*-vector
in any concrete realization, or model, of n. We are interested in algebraically
well-defined conditions on D under which the global solvability of Df = g in
C>=(T'\S) is equivalent to the solvability of n(D)f; = g, in the C*-vectors
for each n in the spectrum of I'\S. In a sense, we are looking for algebraic
conditions on D for the reduction of a global (geometrical) problem on I'\S to
a collection of purely group (representation) theoretic problems, none of which
needs to be regarded as living on the manifold I'\S. Informally speaking, op-
erators D admitting such a reduction are called globally regular (Definition
(1.1)).

In order to describe the results, we will recall the classical situation on a torus
T? of two dimensions (the situation being similar for 7" with n > 2). Let
D = ad0/0x + B0/0y and suppose for simplicity that o and B are real.
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Then D is globally regular if and only if f/a is not a (transcendental) Liou-
ville number. The problem with Liouville numbers is that, in solving for the
Fourier transform of the solution function, small divisors occur. Now, every
solvmanifold I'\S' contains the structure of a torus 7 =I[S, S]\S of dimen-
sion > 1, although this torus does not reflect any of the nonabelian structure of
S. The only representations in (I'\S)" which are not infinite dimensional are the
one-dimensional characters of I'[S, S]\S. Since the presence of this torus is in-
escapable, we denote, for each g € C°(I'\S), the sum of the one-dimensional
components of g by go. Then global regularity is defined as follows. Let
L*(T\S) = @,cn\sy. j=1....m, Hx,j be any (noncanonical) irreducible decom-
position of L?(T'\S).

(1.1) Definition. A left-invariant differential operator D on T'\S is called glob-
ally regular if the three conditions
(1) geC>T\S),
(2) Foreach me (I'\S) and Vj=1, ..., my3 asolution in C*(I'\S) to
Df, j= 8z, j (Where g, j = (m, j)-component of g), and
(3) 3fo € C>(T) such that Dfy= g,
imply that there exists a solution in C*(I'\S) to Df = g.

Note that the solutions in (2) could be found in any convenient realization
of .

In previous papers we have dealt with nilpotent S . On the simplest nilman-
ifolds, the 3-dimensional Heisenberg manifolds, every first order differential
operator D in the complexified Lie algebra is globally regular [R2]. On more
complicated nilmanifolds the problem of small divisors arises in the represen-
tation spaces of the group as well as on the associated torus. Moreover, if
D = X +iY is regular, both ady and ady must map each step of the lower
central series of the Lie algebra of S (nilpotent) onto a sufficiently large subset
of the next step. The details are explained in [C-R1, p. 349]. The purpose of this
paper is to investigate the global regularity of first order differential operators
on 3-dimensional compact solvmanifolds. We show that, as in the case of the
simplest nilmanifolds, every first order differential operator on a 3-dimensional
compact solvmanifold is globally regular.

2. 3-DIMENSIONAL SOLVMANIFOLDS

All 3-dimensional compact solvmanifolds can be described (up to homeo-
morphism) as quotients of two groups S, and S, by their various cocompact
discrete subgroups. The groups S), and S, can both be described as R? x R!,
where (x, f)(x',t) = (x + A'x’', t+t'). Here A' is a l-parameter subgroup
of SL(2, R) through a matrix 4 € SL(2, Z). S, arises when the eigenvalues
of A are 4> 1 and A~!, so that the orbits of R! in R? are hyperbolic. S,
arises when A’ is a compact group of rotations of R%. Let N := R?x {0}, the
(abelian) nilradical of S. The cocompact discrete subgroups I" are described in
[A-G-H], based upon the facts (due to Mostow) that ' N is a discrete lattice
in R?, and that the image of ' under the natural projection S — S/N is a
discrete lattice in R'. We remark that I'\S;, is determined up to homeomor-
phism by the eigenvalue 4 > 1 of 4, and A must be such that A +4-! € Z.
For this reason, we denote the ‘hyperbolic’ manifolds I';\S,. Note however that
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S, is independent of the value of A > 1. We have good use for the following
lemma ((3.4) in [C-R2]).

(2.1) Lemma. If S, = R?> x R' with the diagonalized matrix A = ( (f ;’_,) ,
A>1, and if T, is a cocompact discrete subgroup of Sy, then I'; N N is an
abelian lattice & of points (o, B) having the property that the product af is
bounded away from zero, except of course at the identity.

We need also the following

(2.2) Corollary. In the setting of the lemma above, the dual lattice Z* =
{X@,p: Z — 1} is also a lattice of points (a, b) such that the product ab
is bounded away from 0 (except of course for (a, b) = (0, 0)).

This corollary will give useful information about (I'\S)Z, the infinite di-
mensional representations in the spectrum of I'\S, in the hyperbolic case.
For all 3-dimensional compact solvmanifolds, (I'\S)% is constructed as fol-
lows. Let x,p) € N, where X, p): TN N — 1. Now let M be the ex-
tension of N by the stabilizer of x, 5 in S, and extend y to M, so
Top = Ind)gw(x(a,ﬂ)) €S.If S=S, then M = N and M\S = R, whereas
if S=S, then M =2 N xZ and M\S = R/Z = thecircle group. If Hy )
is the standard Mackey induced representation space, then Hy i ={f:5 —
CLImS) = Xia.p)(m)f(s), |f] € LAM\S)}. Define L : Hy py — LAT\S)
by (LA)Ts) = Yrranr f(ys). Then L is a right S-invariant injection. If
Int(x, M) = {t € R|)**'T:TNnM — 1} where %) = x(a~'ba) then
the multiplicity of 7z, in L*(I'\S) equals the number of distinct I'-orbits
in Int(y, M).

In the case of § = S, it is easiest to describe I7;\S, if we take I'; N
N = Z? and 4 € SL(2, Z). However, the model for 7,z is simplest if A

is diagonalized (4 = A 0_, as in Lemma (2.1)) and then I'N N is more
0 4

difficult to describe. Nevertheless, the Corollary (2.2) above shows that in this
model {7,5 € (I';\S))s} has af bounded away from zero. We remark upon
the fact that af # O prevents m,z from being a representation of the (less
well-behaved) ax + b’ group which is a quotient of S.

We need to say a few words about the rotational three dimensional solvman-
ifolds I'\S, as well. Unlike the hyperbolic case, there are only finitely many
I'\S, up to homeomorphism. We take 4 € SL(2, Z), but this time with no
eigenvalues > 1. Now A turns out to be similar to a rotation by 2rn/p, where
p=1,2,3,4, or 6 (see [A-G-H]). Since S, is independent of p (up to
group isomorphism), we denote the distinct rotational three dimensional solv-
manifolds by I',\S,, p=1, 2, 3,4, 0r 6.

Our main result is

(2.3) Theorem. Let I'\S be any nonabelian 3-dimensional compact solvmani-
fold. If D € €, the complexified Lie algebra of S, then D is globally regular
on T'\S.

Since this result has been proved in an earlier paper when S is nilpotent,
we concern ourselves here only with the manifolds I';\S, and I,\S,. Note
also that the associated torus T is 1-dimensional, so that small divisors cannot
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occuron 7. Thus condition (3) of Definition (1.1) will be satisfied automatically
whenever (2) holds.

We will divide our proof of the theorem into two sections, one dealing with
the rotational group S,, the other with the hyperbolic one, S),.

3. PROOF OF THE THEOREM—CASE OF [,\S,

Let % be the Lie algebra of S, with a linear basis T, X, Y and the
commutation relations [T, X] = —22Y and [T, Y] = 27”X. Let 7,5 be
a generic infinite-dimensional representation in (I',\S,)", acting in L*(T),
where T = M\S,, a l-dimensional torus as described in §2. For f € L%(T)
the action of 7,z on f is given by

Tap(x, ¥ 1) f(1) = exp(2ni((e, B)a(321), (x, ¥))) f(z+1),

coss sins
—sins coss

where a(s) = ( ) . For the basis vector fields X, Y, T this amounts

to
2n 2n
dn,g(X) =2mi —t- s'n——t),
g(X) i (acos ) B si 5
(3.1) dmap(Y) = 2mi <a sin 2‘7%[+ B cos 27”t> ,
d
dﬂaﬂ(T) = E

Since the constant p plays a negligible role in the proof (even though it
classifies the rotational 3-dimensional solvmanifolds), we will set p = 1 in
what follows.

We will break the proof into two cases of D € .#C.

Case 1. D= X +7yY, y € C. This essentially covers all D € .#€ (up to a
constant factor) since D =Y and D = X behave alike and the case of D =0
is trivial.

Case2. D=T+i(aX+bY), a,be R . Thiscoversall D € € ~.#€ (up
to an isomorphism) because the real part of D can be absorbed into T .

Proof of Case 1. Write D= X + (a+ib)Y, a, b € R. Then, in view of (3.1),
the operator dn,s(D) is a multiplication by the function

D,g(t) : =2mi[(a+ap + ibp)cos2nt + (aa — B + iba)sin 2xt]

3.2
(3.2) = 2mi(w cos 2xt + z sin 27t).

By hypothesis, the equation dn,g(D)f,s = g.p has the solution

(3.3) Jap(t) = 8ap(t)/Dap(1).
To prove the theorem we need to show that 37, 4 Lf.,s € C(I'\S). Here
(a, B) varies over a cross section of I'-orbits, so that each infinite-dimensional

primary summand will be spanned. By the Auslander-Brezin version of the
Sobolev inequality it suffices to show 3, 4 ||[UL fapll? < oo forall U €

%(%). Since L is an S-invariant isometry from H,z into L?(T'\S), this
is the same as to show 3, 4 [|U fapll3 < co. We begin by estimating the sum
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> |Ifapll3 . The problem, of course, is that D,p(t) in (3.3) can have zeros, and
that even when it has no zeros, we must know how close |D,g(¢)| can come to
0 as (a, B) — co. We can write

Dog(t) = mi((w — iz)e*™! + (w + iz)e™ ") = ni(Ae*™ + Be~ "),
with 4 and B defined by the last equation. The minimum of |D,4(¢)| occurs
where 4 and B are rotated to opposite directions, and then
Min |D,4(1)| = £ (|| - |B])
(3.4) = n(e? + BH)'2((a* + (1 + 5)?)/? — (@® + (1 - b)?)'/?)
=(a®+ Y2 -K > V2|ap|'? - K.

If b # 0, the constant K is # 0. Since |aB| > 0, |fos(t)] < Clgap(?)|
with the constant C independent of (a, B). Consequently, 3=, 4 |l fapl? <
C Yo, p l18apll* < 00 for g € C=(I\S).

If b=0, D,g(t) does have one or more zeros and

D,p(t) = 2ni ((a + aB) cos2nt + (aa — B) sin27t).

If Dog(to) =0, then g,p(to) = 0 too, since f,p given by (3.3) isin C=(T).
The idea is to control f,s inside specified intervals around each of the #,’s by
the mean value theorem, and to use the monotonicity of D,z on large exterior
intervals to control |f,s| by keeping |D,z| big. We have

D, 4(t0) = =2n(a? + BH)V2(1 + a?)'/?,
and by the mean value theorem
IDp(2) = Dyg(t0)l < |t — toldn*(? + B2)V/2(1 + a?)'/2.
Consequently, for |t—to| < 1/4m, |D,,(t)| > n(a®+ B2)!/2(1+4a%)!/? and, since
D,p(t) =0,
1Dag(0)] 2 m(a? + B2)'2(1 + a*) |t — 1o

again by the mean value theorem. For g,4(f) we have the estimate
(3.5) 18ap ()] = |8ap (1) — Zap(t0)| < IT &apllool? — tol »
| + |lo denoting the sup norm on the torus M\S. So
(3.6)  1fup(O)] S T gaplloot(a® + B2) "2 (1 +a?)~V2,  for |t —to] < 1/4n.
On the intervals complementary to |t — #y| < 1/47,

1Dap(8)] 2 |Dap(to £ 1/4m)| > (o + f2)!/3(1 + a*)'/? /4m,
hence
(3.7 fap(®] < 4l gaplloo(a® + B2)7/2(1 +a?)™2 for |t —to] > 1/4n

for each of the two values ¢y of ¢ where D,z vanishes. By (3.6) and (3.7), for
all ¢ on the torus M\S we have the following estimate:

(3.8) |fap (O] < (1T 8aplloo/ 7 + 4| gapllo) (0® + B2)~12(1 + a?)~ /2.

By Sobolev’s inequality we may replace the sup norms in (3.8) by L2-norms of
8ap> T8p,and T?g,z. The sum 3, g I /agll3 is finite because each sum
Y. p) 1T 8apll for k=0, 1, 2 is finite and |ap)| is bounded away from zero.
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Next, we must show 3, 5 |Ufupll} < oo for every fixed U € #(5).
Since [D,.#] = 0, this is true for all U € #(#"). It remains to show
Y. p 1T fapll} < 00 for k =1, 2,..., because every U € % (%) can be
written as a linear combination of monomials 75V with V in Z(/4).

(3.9) Proposition. For D=X+yY, ye Cand k=1,2,3, ... the (k+1)-fold
bracket product [D[D---[D, T*¥]---1] is 0.

Proof of Proposition. By Leibnitz’s rule for the derivation [D, -] of the algebra
% (%) we have [D, T¥] = Ej;leT[D, T|T---T, with [D, T] at jth
place. Since D commutes with .#" and [D, T] = —X+yY € ./, the derivation
repeated k + 1 times is zero.

(3.10) Proposition. For f,s as in (3.3) we have
(3.11) T* fup = he/ Di5!
with

he = [D[D--[D, T*]--11gap + DID---[D, T¥]- - 1gup

4.+ DKUD, T*] 4+ D*T* g,p.

The first bracket involves k D ’s with the number of D s inside the brackets
decreasing by one in each successive summand.
Proof of Proposition. In view of Proposition (3.9) this is formula (1.8) on p. 353
of [C-R1].

The estimates on T* f,4 given by (3.11) can now be done in a manner similar
to that already presented. If D, # O, we use the inequality (3.4) raised to
the power k + 1 to estimate the denominator |Dogl**!. If Dog(to) = 0, the
numerator /; in (3.11) must have a (k + 1)th order zero at ¢y since Tk f.p is
C* . Instead of the estimate (3.5) we use

i (8)] < IT* Aiclloolt = 2o/ (ke + 1!

which follows from Taylor’s formula. In the denominator of (3.6) and (3.7) we
use the (k + 1)th power of the previous estimate for Dyg .

Proof of Case 2. Here D =T +i(aX +bY), a,b€ R, and

dnag(D) = g— —2n((ac+ bB)cos2nt + (ba — apf) sin 2xt)
(3.12) !

= % — 2n(Acos2nt + Bsin2mt).

Write Acos2nt + Bsin2nt = (A2 + B?)Y/2sin2xn(t + ¢), with the constant ¢
depending upon 4 and B. If dn,g(D)fop = 8ap,» We have

fup(t) = exp(—27 (A% + B?)'/?cos 2n(t + ¢))
x (/t 2ap(7) exp(2m(4* + B*)!/? cos 2n(t + ¢)) dT + C) .
—¢-1)2

Here we identify M\S = R/Z with the interval [-¢ — %, % — ¢], and we use
the fact that f,5, g.p, and the exponentials all have period 1. Since C is
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arbitrary, choosing C = 0 and changing the variables 7/ =t+¢, t' = t+ ¢ we
have

fopgt—¢) = t g(t — ¢) exp(2n(A4% + B%)/?(cos 2nt — cos 2nt)) dt
g -1/2

1/2
=—- / (same integrand as above).
t

The last equality follows from the periodicity of f,s , because 0 = f,5(—1/2—9¢)
= fap(1/2—¢) . For the estimates on f,z(f) oron f,z(t—¢) we use the integral
over —1/2<t<tif —1/2<t<0 andover t<7t<1/2 for 0<t<1/2.
That way we always have cos 277 < cos 27t , so that the exponent in the integral
defining f,s is negative. Then

lfaglloo < Cllgaplloo < Ci(ll&agpll2 + I T 8apll2)

Since the f,z’s all live on an interval of length 1, the same inequality holds for
| fupll2 With a constant, say Ci, independent of (o, 8). Thus 3, 4 llfapll} <
oo and f =Y fop € LHT,\S,). Next, to estimate Ya.p U fapll} for every
U € Z (%) itsuffices to consider U = XKY/T'!. By (3.12) T just differentiates
fop yielding 27(A2 + B2 sin2n(t + ¢) fo5(¢) + 8ap(t) With A, B depending
linearly on «, . Successive powers of T differentiate g,s and sin2zn(t+¢),
or f,p(t). Operating by X ’s or Y ’s just multiplies by a polynomial in (a, B)
times a (bounded) combination of sines and cosines. However, X2+ Y?2 acts on
L*(M\S) by multiplying by —4n%(a®+ f?), so that 3", 4 (o? + B?)9||gapli} <
co. Thus 3, 4 IX¥Y/T!f,4]3 can be estimated by C3||(X? + Y2)9g,3
for some q.

Remark. Although we have pretended p = 1 in the arguments above, this was
just a notational convenience, and the same arguments work just as well for
general T'\S,. Actually, the use of I'|\S, has some independent interest how-
ever. Here, although S, is not nilpotent, I' & Z3 . Thus, by the general theory
of Mostow [M], I';\S, is homeomorphic to a torus 7. Here we get a proof of
global regularity for elements of . acting on 773, keeping in mind that we
mean global regularity with respect to the representation theory of S,. Thus we
have a natural class of operators on 73 which are best analyzed with respect
to S,.

4. PROOF OF THE THEOREM—CASE OF I';\S),

Let ., be the Lie algebra of S, with a linear basis T, X, Y and the
commutation relations [T, X] = XInA and [T,Y] = -YInA. A generic
infinite dimensional representation 7, in (I';\S,)" acts on L?(R) by

Tap(x,y, 1) f(1) =exp2mi(ad®™x + BATTY) f(T + ).
For the basis vector fields X, Y, T this amounts to

(4.1) dn.p(X) = 2miak’, dm.p(Y)=2mipA™", dn.e(T)= %

The space Hgg of C*-vectors for n,s consists of C*°(R) functions ¢ with
lim A™gM (1) = 0

[t] =00
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for every m, n € N. These ¢ are called “super-Schwartz”. We will denote this
space by A7 (R).
We will break the proof into four cases of D € 5”,,C .

Case 1. D = T. Any nonzero complex multiple of D = T + aX + bY € %,
can be reduced up to isomorphismto D=T,if a, b€ R.

Case2. D=aX+bYeN C S, a,beR.
Case3. D=aX+bYeNCCHE, a,beC.
Cased. D=T +i(aX +bY), a,beR.

Proof of Case 1. D =T . The equation dn,g(T)fop = 8ap becomes (d/dt)f,p
= g,p - Since both f,s and g, arein HJj;, we have

(4.2) fuo®) = [ sape)dr=- / " gup(1)d.

Subcase 1a. If ¢t > 0, we use the second integral for the estimates on f,z and
the fact that g,4(7) = X gap(7)/2miadA", so that

(4.3) |fap (D] < 11X 8aplloo(2naln2) 127" € L2([0, 00), d1).

Squaring, integrating f0°° --- dt, and applying Sobolev’s inequality to estimate
the norm || X gapllc by a combination of L2-norms of derivatives of Xg,5 we
obtain

4
(4.4) 1 feplIZ 210, 00 < a(lngaﬁH% + 1T X gapl3).

for some constant ¢. As in the proof of Lemma (2.1) (see [C-R2]), we pick the
representative (o, ) from the orbit corresponding to z so that =2 < |8/a| <
1. Since |aB| > 0, we must have |a| > 0 too. Thus 3=, 4 ||j:,,g||%2[0,oo) < oo.

Subcase 1b. If t < 0, we use the first integral formula for f,z in (4.2), together
with the fact that g,4(7) = Y g,p(7)/2mi A" . Picking (a, B) asin Subcase la,
we insure that || > 0. Now an argument almost identical to that in Subcase
la shows that /=3 f,5 € L*(R).

To complete Case 1, we need to prove that 3 ||U fo4l|3 < oo, for each fixed
Ue#%). If U= TP there is no problem, since [D, U] =0. If U =
X"mY"TP , U fop(t) = 2ri)ymtnamgnam=miTr=lg 4(t). If p > 1, there is no
problem. But if p = 0, we estimate |g,z(7)| by a ||Vgaﬂ||,1’“, where V €
% (%) and k € Z are chosen one way for ¢ < 0 and another way for ¢ >0,
so as to assure that Uf,z € L*(—o0,0) and Ufyp € L2%(0, co) separately.
Hence " Uf,p € L%(R).

Case 2. Suppose D = aX + bY , with a and b real. Here,
Sap(t) = 8ap(t)/2mi(acd’ + bBATY).

We will need to consider the occurrence of zeros in the denominator. Observe
that the denominator vanishes if and only if A* = —bf/ac, which means

t =ty = %log;(—bp/aa).

Subcase 2a. Suppose bf/aa >0, so that h(t) = (acd’ + bfA~")~! has a max-
imum (absolute) value on R. At the maximum point A’(f) = 0, so that
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A2 = bf/ac. Thus h(tmax) = Am=/2bB = *1/2|abap|'/?. Thus |fop(t)] <
|8ap(t)|/2labaB|'/?. Since |aB| > 0, we have 3 f,5 € L*, where the sum is
over those (a, f) such that bB/aa > 0. The same is true for ) U f,z, for
each fixed U € Z (%) since

(1) if Ue),[U,D]=0, and

(2) if U=X"Y"Tk then

d ! !
E(gaﬂ(t)h(t)) = goph + 8aph' = (T8ap)h + &aph’,
and gogh' = (X —Y)gup- hiﬂ , which is still L2-summable.

Subcase 2b. Either aa = 0 or b = 0. Since |af| > 0 (except at (0, 0))
this means a = 0 or b = 0 (but not both). If b = 0, then f(f) =

~Yg.5(t)/4n%aaB . Then ¥ f,5 € L2, since |af| > 0. A similar argument
applies if a=0.

Subcase 2c. Here, we suppose there exists a zero, ) = %logl(—bﬂ /ac). Then
8ap(to) = 0 too, and fop(t) = (8ap(t) — Lap(to))/2mi(acA’ + bBA™"). Since
it would suffice to prove separately the summability of the real and imaginary
parts of f,, we can assume wlog that g,z is real-valued. For some 7 between
0 and ¢, we have f,4(f) = g‘;ﬂ(t)/Zni(aoulT —bBA~%)In A, by the general mean
value theorem. Since bf/aa < O in this case, the new denominator cannot
vanish. Hence, recalling that T depends on ¢,

4n2/R|f;,,(z)|2dt
= [ lgip(o)lacd® - bpa I mA dr
[t=1t0|<1

+ / |8ap(1)*|acd’ + bBA~"| "2 dt
ft—to|>1

[EAIES
T —4aabp In? A
The first summand is summable over (a, f), by Sobolev’s inequality. However,

by the mean value theorem, |aaA! + bBA~!| = |(aad™ — bBA~")(InA)(t — t)| >
2(—aabB)/?|In4|, if |t —to| > 1. Thus

/ 2 2
7[2/ |f;!ﬂ(t)|2dtS "gaﬁ”ooz + |gap(t)|2
R laabB|In*A  Jr |aabB|In” A

+ / |gap (1) - Max [aad! + bBA~|2 d1.
jt—to]21

b

andso Y fop € L.

If Ue#%W), then Y Ufop € L? too, since [D, U] = 0. So it suf-
fices to consider Y T*f.z, for each fixed k € Z*. First, consider k = 1.
2niT f,p(t) = h(t)(aad’ + bBA~")~%, where h(f) = (aald’ + bBAT")gp(1) —
gap(t)(aad’ —bBi~")InA. Here h(f) must have a zero of order at least two
at t = ty. Therefore, using a Taylor remainder of degree two in (¢t — tp),
there exist 7 and ©' such that T f,z(t) = h"(t")/D"(t)2ri where D(t) =
(acAt + bBA7")InA. But

ID"(2)] = 2([(aaA® — bBA~") InA] + [(aaA® + bBA~)In A1) > 8|achB|In® A,
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since the second square is positive. Thus |Tf,(¢)] < |h"(7')|/167|aabp|.
Hence

2 2 " 2
[ 1Tl s [ Il/60anbp)ds
+ [ I@OPMin{IDOR |l t0] > 1} dt.
R

But ||4"||o is bounded by norms of derivatives of g, , providing good summa-
bility over (a, f) of the first term. Also, |D(?)]> = |D"(t)(t — t5)?/2!|* >
16(aabf)?In*A> 0. Thus Y Tf,5 € L2.

Next, we consider k > 1. We make the following observations.

k

(4.5) [D,T¥]=>"T---T[D,TIT---T,
Jj=1

where [D, T] is in the jth position. Hence

k
[D,[D,T"|= > T---T[D,TIT---T
(4.6) =1
=2 Y T---T[D,TIT---T[D,TIT---T,
1<i<j<k

where [D, T] occupies the ith and jth positions. (This is a result of .#" being
abelian and normal.) The k-fold bracket

(4.7 [D,[D,...[D, TK]---11=k![D, TJ,

while the (k + 1)-fold bracket vanishes. By (1.8) of [C-R1, p.353],
(4.8) 2niT* f,5(2) = hy(aald! + bBA~")~k+D

where

by = [D[D~~~[D, T]---11gap + DID---[D, T¥] - 1gap
+DFI[D, T*g,p + D¥ Tk g,p.

It follows that ||Tk fapll3 = f|t o<1 T f|z —tof>1° with the integrand being deter-
mined by (4.8).

The second integral can be estimated as in the case of k = 1, while the
denominator in the integrand in the first integral has a Taylor expansion in
(¢t — tp) using derivatives of order < k+ 1. For k£ > 1 and odd, the (k + 1)th
derivative of (aad! + bBA~)k*! is of the form (d/dt)**'[(aal! + bBA~!)k+1]
= Y2 cj(aai + bpA~!<+1=Y (aad! — bFAT)Y In* A with all ¢; > 0 and
Clk+1)/2 > 0. Thus, if k+1 is even,

k+

tk+l
If K+ 1 is odd, then

(aaA' + bBATH, L > Claad! — bBA~H)KH! | where C > 0.

JT (aa/l’ + bBATHKHL > Claa! — bBATIKHT for C' >0,
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by a similar calculation. Hence the minima over |t — fy] < 1 in the resulting
estimates proceed as in the case of kK = 1.

Case3. De#C. f DeC-XorDeC-Y,then De C-# and is
covered by Case 2. Otherwise, dividing by a constant, we can assume that
D=X+(a+ib)Y, where a, b€ R. Thus

(4.9) Sap(t) = ap(t)/2m(i(al' + aBA™") — DBATY).

Since it suffices to prove L?-summability for the parts of f,s corresponding to
the real and imaginary parts of g, separately, we can assume g,z is real in
(4.9). Suppose also b # 0, since Case 2 would apply if b were 0. We note that
| fap(2)] < |8ap(t)/2nbBA~!|. The methods of Case 2 can be applied to prove
Z f;l/; eL?.

If UeZ (), then [D, U] =0, so that 3 Uf,s € L*. We need to prove
> T*f.p € L* for each fixed k € N.

We begin with k = 1. Then T f,4(t) is the derivative of the right side of
(4.9). In the numerator, we get various derivatives of g, , while the modulus
of the denominator exceeds 4n2b%f2A=2. The A~ can be moved to the
numerator as a derivation, and Y. T'f,s € L*. For k > 1, similar reasoning
applies.

Case4. D=T+i(aX+bY), a,be R. Up toisomorphism, we could assume
that a = b = 1, except for the case in which either a = 0 or b = 0. Since
T+iX and T + iY are very similar, we need to treat only the cases T + iX
and T+i(X+7Y). Since T +i(X +7Y) is more complicated, we will treat this
case in detail, providing brief remarks to cover the simpler case of 7T +iX .
Actually, to simplify the constants we suppose D = T +i(X+Y)/2n, so that

Jop(t) = (/0 8ap(x)exp(—(ad* + pA™)/InA)dx + C) exp((ad’ + BA7")/In]).

Subcase 4a. o > 0 and B > 0. In this case exp((ad’ + fA7!)/Ind) -
as t —» xoo (orin case b = 0, exp(ad’/Ini) — oo as t —» oo and — 1 as
t — —o0). Thus

Jap(t) = — / ” 8ap(X) exp((—(ad* + BA™%) + (aA! + BA7Y))/InA) dx
(4.10) o

= [ ax.

If b =0, the fA~* and BA~' terms do not appear in (4.10) and we simply
use Z,p = 0 in what follows. Also, the restriction f > 0 is not necessary when
we deal with the b = 0 case.

Note that j’;(al’%ﬂl"‘) = (aA*—BA~*)InA = 0 iff x = Llog;(B/a), which
we denote henceforth by —1 < 7,4 < 0. Since o and f >0, ad* + A7~ is
a decreasing function on (—oo, t,4) and an increasing function on (.5, ).
By using the first integral in (4.10) whenever ¢ > t,; and the second integral
whenever ¢ < f,p, we can assure that the exponential function in the integrand
remains bounded by 1. In either case, |g,s| can be bounded by one of its (X or
Y) derivatives times an exponential function, with the result that )" f,5 € L?
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of (=00, tap) Ullap, ) = (=00, 00). (If b =0, use (X2 + Y?)g instead.)
Restriction to 472 < B/a < 1 will keep a~! bounded in absolute value.
Next, let U = 2r)™""""X"Y" € Z(#'). If m—n>0 and t > t,5, then

|U fap(8)] <

o™ BrAm = / |gaﬂ<x)|dx‘ < [ Wewsldx,
t

which provides the necessary estimate. If m —n <0 and ¢ > 1,4,

V(0] <lam "2 [ gyl dx.
But 172 < B/a <1 implies f,5 > -1, so
U0l <27 [ lamprgug(oldx <inom [ aming,y (ol dx
= g /t X g g ()IAm (2) o dx
<am@my o [Cpxmng (ld.

From here the L2-estimates proceed as earlier.
Next, suppose m —n <0 and ¢ < t,5. Then A"="! > j(m=nlias  Thus

t

t
U S (1)] < o™ BPALm=m / |8ap(X)] dx < / Q™ BRAmx g (x)] dx

t
- / |Ugap(x)]dx.

The rest is as before.
Finally, for m —n >0 and ¢ < t,5, we write

t

U fup(0)] < la™ B7|AC=")" / |8ap (x)] dx

t
< MZmBm’BnM(m—n)taﬂ / Igaﬂ(x)ldx

t
<am / |87+ gap(x)| dx

t
— / |Y’”*"ga,g(x)|/1('"+")"/(27z)'"+” dx

—00

t
< Qu)~m / Y7 g s ()] dx.

The L2Z-estimates can be completed as before.
Next, we show that 3°, 4 T* f.p € L?, for each k € N. This follows from

the next lemma.
(4.11) Lemma. Let f be a solution of the equation
(T+i(X+Y))f=g.
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Then TKf, k =1,2,3,..., is a linear combination of monomials X'Y'f
with j +1 < k plus a linear combination of X, Y , T-derivatives of g .

Proof. We proceed by induction. For k = 1 we have Tf = g —iX f—iYf.
Next, Tktlf = T(Tkf) = T(X/Y!f) with j + 1 < k, where wlog we may
asume T*f is a monomial X/Y'f.

T(X'Y' f)=[T, X’Y'\f +Y/Y'Tf

1
= (iXmX[T,X]X~~XY’+ZX1Y.-.Y[T, Y]Y---Y) f

p=1 g=1
+YIYig —ixHY! f - ixIY'H f
= (InAXHY — ImAX/ YA 4.
which is the desired expression for T*f.

Remark. Similarly, T* f is a linear combination of monomials X/ f with j <
k plus a linear combination of X, T-derivatives of g if f is a solution of
(T+iX)f=g.

Subcase 4b. a <0 and B >0. (Thecase a >0 and B < 0 can be treated
similarly.) Once again, we have

Jap(t) = (/ot 8ap(x)exp(—(ad* + BA™%)/InA)dx + C) exp((ad’ + fA7")/InA)

where the terms BA~* and BA~' are not present if b = 0. Moreover, the
restriction B > 0 is not needed if b = 0. We observe exp((aA’+BA~")/Ink) —
0as t— 400 and — 400 as t » —oco (or— 1 as t — —oco incase b=0). In
either case, since lim,_,_. fop(t) =0,

0
C= / 8op(x)exp(—(ad* + BA™)/Ind)dx

and

t
(4.12) fup(t) = / Zap(X)e¥ ) dx,
where

w(x, )= (A" =A%)+ B(A™" = A7)/ 1In4,

again with no B(A~' — A7*) term in case b = 0. We notice that y(x, ) <0
for x < t. We have the estimates

fap(D)] < / |8ap(X)] dx < /

t

1Y gap(x)|/127 A7 | dx

1 t
(4.13) < CZ 1 T*Y gapll2| B! / A*dx (by Sobolev)
k=0 -0

1
<MY |IT*Y gapll24/Ind € L (=00, 0)
k=0
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since |B|~! is bounded. In fact, (4.13) implies that 3, 4 fup € L2(—00, 0).
Next, we must consider convergence in L?(0, co). Thus for ¢ > 0 we write

ﬁxﬂ(t)=/_(; +/0t/2 +/t/t2

=TLs(1) () +1M,4(0)

where the integrands are as in (4.12).
To estimate I, we notice that for x <0 <t we have S(A~'—17%) <0 and
a(A' =A%) < a(A'—1) < 0. Hence

0
(4.14) ILyp ()] < eo® =D/ / |8 ()| dx

—00

and Y, g lap € L*(0, 00). This is because o > 0 makes the functions
t—exp(a(d —4%)/Ind), (o, B) € (T\S,),

uniformly L?(0, co), while the integral ffoo .-+ 1in (4.14) can be estimated as
in (4.13) making the sum finite.
For II,p we have the estimate

t/2 ¢\
IMLs(0)] < / |8up (x)] 2 —3)/ 103 g
0

(/2
S”gaﬂ“ooéea('1 AT nd

(4.15)

The right-hand side again is c-uniformly in L2(0, co) with ||g.pll being
(a, B)-summable.

Finally,
1501 [ lgnpold
(4.16) < [ X7 gyl 2k dx
< ||i<’mgaﬂ||oo§Mml_m’,
where M is an upper bound on |a|~!, tA=™ € L?(0, o), and ||X;’;||f,o is

(a, f)-summable.
Next, we must show 3, 5 Ufop € L*(R) for every fixed U € (%)
If U =Y* we have the estimate

t

(4.17) Y fpl < [

As in the beginning of Subcase 4b we can show that 3 Y* fop € LA(R).
For U =Xk, ¥ X*f,5 € L*(~c0, 0) because for t <0,
(4.18) |X* fap (D] = 22|/ BIK|Y* fap(0)] < 22X fap(2)]

if we choose (a, B) such that 172 < |B/a| < 1. If £> 0, we consider XLz,
X*11,5 , and X*III,5 and we get the estimates (4.14), (4.15), and (4.16), each
multiplied by A%** and with g,s replaced by Y*g,g, as it was done in (4.18).

|Y*g,p(x)|e¥>:0dx.

o o)
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Finally, let U = XPY9T". Case of r > 1 reduces to r = 0 by the Lemma
(4.11). If r = 0, we apply X? to [’ |Y9g.p(x)|e¥*:Ydx as we applied
U=X*to [ g.p(x)e¥™-Ddx.

Subcase 4c. a < 0and g < 0. We have
t
(4.19) fap(t) = (/ Zap(X) o~ (@F+BAT)/InA gy o C) ad+BA~)/Ind_
0

The function Ce(e¥'+827)/In4 jsin ZP(R) if o < 0 and B < 0. Hence if there
is a constant C such that f,z in (4.19) is super-Schwartz, then f,; € S (R)

for any fixed C. We will pick C = C,p = f,"ﬂ Zap(x) e~ @F+BAT)/IA gy | where

log = %logl(/}/a) ,and «, B are chosen so that A~2 < f/a < 1. Thus we will
work with

t
(4.19) fup(t) = ( / 8o () e~ (X +8370)/Ind dx) (et +B1/Ink
t

af
We have the estimate

t
|[fap()] < X HFADIA [ (2) 7 |(X + Y)™ gap(x)|
1]

x e—(al"+ﬂl_")/lnl(_alx _ ﬂ/{—x)—m dx

4.20
(420 < e MK + V)" goglloce™ T MA(=2m )t ~ 1]

1
<Y NTHX + )™ gapll2 (—ad! = BAT) ™|t — 15
1=0

where --- stands for ad’ + fA~!. We write the inequality (4.20) for (a, B)
such that

(4.21) 2(af)?/Ind>m,

because then the function u — e~(e#+B4™)/MA(_qy — By=1)=m with u = A! is
increasing for ¢ > t, and decreasing for ¢ < t,5. (4.21) is valid for all but
a finite number of (a, B) € (I'\S})'w . Similarly, for Y/Xx* Jop Wwe have the

estimate
(4.22)

1
Y X fop(D] < €1 D ITP(X + Y)" gaglla| BAT [ |ad'[* (—ah’ — BA™) ™"t = tog].
p=0
Butfor t > top,if m>k+1
B~ |a' (=0’ = BA~") ™"t — tap| < (B/) (—a)kHI=m AE=I=m|f — 1,
< MR — g g A9K=1=m) € 120, 00)

since f/a<1 and a>>0.
Similarly, for ¢ < t,s

1BA~! ! a2 [ (=ad’ — BA™") 7"t — tag| < (af B)F(—BYKH=mALm=1+0) 1y — o)
< 'le Mm—k-1 |t _ tap|lt(m—1+k) c L2(—OO, 0)
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since A72< B/a and B> 0. Thus Y Y'X*f, 5 € L*(R). Finally,

S YIX*T™f,5 € LA(R)

by Lemma (4.11).
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